We study the effect of various symmetry-breaking perturbations on experimentally measurable signatures of the quasi-one-dimensional spin-triplet superconductors such as transport and Josephson response. In the first part of the paper, we numerically compute the zero and non-zero temperature conductances of quasi-1D nanowires that host multiple Majorana zero modes. Following the case of s-wave Rashba nanowires, we shift to the main focus, i.e., spin-triplet superconductors. We study how the conductance tracks the topological invariants and spectrum in all these cases. In the second part of the work, we study the effect of the symmetry induced spectrum breaking on the Andreev spectra on Josephson junctions. Similar to the case of conductance, we show that the spectrum shows multiple zero-energy Andreev states in the highly symmetric case with mirror and chiral symmetry. We study how applying gate voltages to change the symmetry of the spin-orbit coupling as well as magnetic fields to the junction splits these states in the junction.
I. INTRODUCTION
Majorana zero modes (MZMs) in topological superconductors [1] [2] [3] [4] [5] have generated significant interest because of their potential utility in topological quantum computation. 6 For this purpose, proximity-induced topological superconductors based on semiconductors 7 have been considered particularly convenient because of the large tunability resulting from the conventional nature of the constituents. However quasi-one-dimensional topological superconductors with the potential for harboring multiple MZMs, while not ideal for quantum computation applications, are interesting systems in their own right. According to the classifcation table for topological systems, 8 one dimensional superconductors can support Kramers pairs of Majorana or multiple Majoranas where the systems are time-reversal symmetric (class DIII) 9 or chiral symmetric (class BDI) [10] [11] [12] respectively. While proximity effect in wide semiconductor nanowires can lead to multiple Majoranas in class BDI for the appropriate spin-orbit coupling, 13 class DIII Majorana Kramers pairs are found to require interactions to generate from spin-singlet proximity effect.
14
Multiple MZMs have turned out to be particularly interesting because of novel phenomena that can result from their interplay with interaction. The most direct addition of interaction in this case was shown to modify the Z invariant to Z 8 . 10 Recently, more interesting physics has been shown to arise from the interplay of such multiple MZMs with random interactions in the form of the SYK model. 15 From a more pedestrian standpoint, details of experimental manifestation of multiple MZMs such as quantization of conductance or degeneracy of Josephson spectra are expected to be more intricate for systems with multiple MZMs as compared to the ones with single MZMs that have dominated experimental attention so far. Specifically, it has been shown 16 that the conductance into a wire in symmetry class BDI takes values that are integer multiples of the quantum of conductance. Furthermore, perturbations that reduce the symmetry to class D also reduce the conductance to the characteristic single quantum of conductance or vanishing conductance associated with the Z 2 topological invariant.
Quasi-one-dimensional superconductors that may be viewed as weakly coupled one-dimensional (1D) chains (as shown in Fig. 1 ) have been suggested in several potential spin-triplet superconductors such as lithium purple bronze, 17, 18 Bechgaard salts [19] [20] [21] [22] and even possibly SrRuO 4 .
23 Given the evidence for spin-triplet pairing in these systems, in the form of high upper critical fields, these systems have been conjectured to host MZMs at the ends. 24 The quasi-one-dimensional structure of the system composed of many chains coupled by weak transverse hopping suggests the possibility of one MZM at each from the chains. Recent work shows 25 that in the cases of time-reversal (TR) invariant superconductivity in the form of equal spin pairing (ESP), these MZMs would not split, leading to the possibility of multiple MZMs at the ends of these materials. In addition, spin-triplet superconductors can support low energy end modes even in the absence of external perturbations such as magnetic fields. This allows for topological superconductivity with a high degree of symmetry. As shown earlier, 25 the stability of the multiple MZMs depends on the variety of symmetries of the systems and therefore, in principle can be split by a variety of perturbations.
In this work, we study the effect of various symmetry breaking perturbations on experimentally measurable signatures of the quasi-1D spin-triplet superconductors such as transport and Josephson response. In the first part of the paper (Sec. II), we numerically compute the zero and non-zero temperature conductances of quasi-1D nanowires that host multiple MZMs in the configuration depicted in Fig. 1 . We start by reviewing for purposes of reference, results 16 on the conductance of the quasi-1D s-wave Rashba nanowire with parameters chosen to so that the system is in the BDI symmetry class. In this case, we study how the conductance into the wire, as a function of density, tracks the bandstructure and topological invariant. and it is shown to decouple into single nanowires with modified chemical potentials that belong to the BDI class. Following this (Sec. II B), we shift to the main focus i.e. spin-triplet superconductors. We extend that class of perturbations previously considered, 25 and start with a model with mirror, chiral and TR symmetry. We systematically break these perturbations by changing various spin-orbit coupling terms that maybe controlled by gate voltages and magnetic field. We study how the conductance tracks the topological invariant and spectrum in all these cases. In the second part of the work (Sec. III), we study the effect of the symmetry induced spectrum breaking on the Andreev spectra on Josephson junctions. 25 Recent measurements have demonstrated the ability to measure aspects of Andreev state spectrum in a Josephson junction by two-tone spectroscopy. 26, 27 Similar to the case of conductance, we show that the spectrum shows multiple zero-energy Andreev states in the highly symmetric case with mirror and chiral symmetry. We study how applying gate voltages to change the symmetry of the spin-orbit coupling as well as magnetic fields to the junction splits these states in the junction.
II. DIFFERENTIAL CONDUCTANCE WITH NORMAL LEADS
In this section, we analyze the behavior of differential conductance that can be detected using normal leads connected to the first lattice sites of the system, as shown in Fig. 1 . The leads are modeled as having only hopping (t x ) and chemical potential terms (µ j ), corresponding to the single chain they are coupled to:
where τ is the tunnelling barrier in units of t x , and
are the spinors belonging to the lead and chain sites respectively. Furthermore, σ m and τ m (m = {x, y, z}) are the Pauli matrices which act respectively in the spin and particle-hole spaces. The number of sites in each chain (lead) is N x (N ) = 100, while the number of chains is N y = 3. Energy eigenvalues, voltages, and all the parameters in the Hamiltonian are expressed in units of t x . The conductances are calculated in units of
The zero temperature conductances (G 0 (V )) is computed using the MathQ package that uses the scattering matrix formalism. 28 The non-zero temperature conductance is evaluated by carrying out the convolution:
where f e (T ) is the Fermi function at temperature T and energy e. 
A. Rashba nanowire
We consider a 1D Rashba nanowire aligned along the x-axis brought into contact with an s-wave superconductor, in the presence of an external magnetic field of strength V x applied in the x-direction. This can be used to construct a toy model for a quasi-1D system, where we stack an array of these 1D chains coupled by a weak hopping amplitude, as shown below:
where µ is the chemical potential, α the spin-orbit coupling, and ∆ s is the magnitude of the s-wave superconducting gap. Furthermore, t x is the hopping strength between neighboring sites on the same chain, while t y is the hopping strength between sites in neighboring chains ( t y t x ). The site-indices ( , j) label the fermions in (x, y) strip, such that ∈ [1, N x ] and j ∈ [1, N y ]. The fermion creation operator is denoted by the row matrix ψ † i,j . In Fig. 2(a) , we have shown how the values of conductance (computed using Eq. (2.2)) reflect the actual phase diagram of the system for ∆ s = 1, V x = 2, α = 0.25, t y = 0.3 as a function of µ. The zero-temperature conductance is exactly equal to the number of zero modes in the system. From the spectrum, we can see the presence of Andreev bound states (ABS) at certain parts of the spectrum. These, however, do not significantly affect the zero-bias differential conductance. The second panel tracks the change of the conductance with a rise in temperatures. We find that the conductance values are lowered as the temperature is increased. However, even at 50 K temperatures, the phase transition points can be identified from the conductance diagram. The third panel of Fig. 2(a) shows the topological invariant associated with the system. The chiral symmetry operator, S = σ y τ y is used to off-block diagonalize the Hamiltonian to the form 0
The topological invariant is calculated as:
This is explained in greater details in Appendix A. A comparison of the second and third panels of Fig. 2(a) shows a close correspondence between the low temperature conductance and the topological invariant. The zero-bias conductance (calculated using Eq. 2.2) plotted in the second panel of Fig. 2(a) is the zerobias conductance peak (ZBCP) that is seen in Fig. 2(b) , where the conductance is plotted versus voltage. Similar to the case of Majorana conductance, we find that raising the temperature broadens the ZBCP and at the same time reduces the peak conductance.
B. p-wave superconductors
System
A time-reversal invariant topological superconductor 25 can be realized by a spin-triplet superconductor, exhibiting equal spin pairing (ESP) p-wave superconductivity. These properties are conjectured to be present in the quasi-1D transition metal oxide lithium molybdenum purple bronze (Li 0.9 Mo 6 O 17 ), and some organic superconductors.
17-22
The hopping integrals along the crystallographic directions of these materials vary as, t x t y t z , making them quasi-1D conductors.
The spin symmetry of Cooper pairing can be either singlet (S = 0) or triplet (S = 1), such that generically 
19,30-32
The Hamiltonian consists of various terms as described below. Zeeman terms are captured by the term:
Furthermore, a generic spin-orbit interaction (SOI) term aligned in an arbitrary direction a in the spin space, can be written as:
In the Nambu basis, defined with
T , the total bulk Hamiltonian for a single chain takes the form:
Here k = k x is the 1D crystal-momentum, (k) = −2 t x cos k is the single-particle kinetic energy, ∆ sin k is the p-wave order parameter. The quasi-1D Hamiltonian is a generalization of Eq. (2.7), given by: 9) whereŌ is the average value of the parameter, γ = 0.1 andj = j − 2. In position space, the total Hamiltonian is given by: Throughout the calculations, the superconducting term and inter-chain hopping are fixed at: ∆ = 1, t y = 0.3. This system allows for a variety of classes under different conditions, that can support multiple MZMs. The Hamiltonian always has particle-hole symmetry i.e. anti-commutes with the operator P = σ y τ y K (as well as k → −k). The Hamiltonian has TR symmetry for V Z = 0, with the corresponding TR operator being T = (i σ y ) K (as well as performing the operation k → −k). Here K denotes complex conjugation.
For V Z = 0 and α R = α R = 0, the system is in BDI class with chiral symmetry S = σ 0 τ y . Fig. 3 shows the results for this system. The differential conductance at T = 0 K clearly outlines the total number the MZMs in the system. Till 10 K, the phase transition points are slightly discernible from the conductance diagram, while higher temperatures wash out the differences. The invariant is calculated numerically, by calculating the winding number obtained after off-block diagonalizing H Q1D in the eigenbasis of S, using the same expression as Eq. (2.4). It is shown in the third panel of Fig. 3 . This pristine system, with no SOI or Zeeman terms, displays mirror symmetry. The Hamiltonian commutes with the mirror symmetry operator M = i d .σ τ 0 , which can be used to define a mirror invariant as well.
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For non-zero Rashba SOI with V Z = 0, the Hamiltonian still belongs to the BDI class and the chiral symmetry, S, may still be used. Fig. 4 shows the existence of MZMs at different values of µ, which totals to 2N y (maximum) at each end of the system. The number of MZMs possible in the system are in multiples of four, with a maximum of twelve in certain parts of the spectrum. The invariant is calculated numerically, using the same method used pre- viously. Fig. 4 shows that the characteristics are very similar to that of Fig. 3 .
The addition of a magnetic field in the y-direction, with α R = 0, allows for a different chiral symmetry, S = σ 0 τ y . The Hamiltonian is therefore still in the BDI class. The MZMs now appear/disappear in multiples of two, with a maximum of twelve, as shown in Fig. 5(a) . This small increment/decrement by two is washed out even at temperatures as low as 10 K. Hence, effectively the 10 K curve looks like that of the previous two figures, namely Fig. 3(a) and Fig. 4(a) . The invariant is calculated by carrying out a similar off-block diagonalization in the eigenbasis of S , and using Eq. (2.4). Fig. 5(b) shows that the conductance dies off quickly with non-zero voltages as in the previous cases. Fig. 6(a) shows the case for a system with both Rashba SOI and magnetic field in the z-direction, which takes the system to class D. The system now exhibits a maximum of two MZMs. We see that the ABS in the spectrum do not contribute to the conductance. The corresponding topological invariant invariant is given by 29 
2 , where
Here, P f (A) represents the Pfaffian of the matrix A.
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Higher temperatures produce substantially less values of the conductance compared to the cases investigated before. Fig. 6(b) shows the results for the case with a nonzero interchain Rashba SOI, i.e., α R = 0. This case breaks all chiral and spin symmetries and belongs to the class DIII. The invariant Q = 1−ν 2 where ν is given by:
whereθ(0) andθ(π) are the matrix elements of the timereversal operator T in the basis of the occupied states at k = 0 and at k = π. The matrix U K in this basis is given by the so-called Kato Propagator: 12) where P o (k j ) is the projector into the occupied bands (negative energy) and k j = j π n . For the non-trivial value Q = 1 of the invariant, the finite systems hosts a Kramers pair of MZMs at each end.
The corresponding conductance (calculated using Eq. (2.2)) as a function of µ is plotted in the middle panel of Fig. 6(b) . Comparing the result to the topological invariant Q, plotted in the third panel shows that the non-trivial phase Q = 1 is characterized by a conductance plateau with height 4 e 2 /h. The range of µ from −2 to 2 has finite energy ABSs that were generated from splitting of the class BDI Majoranas. These do not affect the zero-bias conductance as in the class D case.
III. SIGNATURES OF MULTIPLE MZMS IN ANDREEV SPECTROSCOPY
In the section, we focus on the effect of the symmetry induced spectrum breaking on the Andreev spectra on Josephson junctions of superconducting nanowires. In this set-up, a topological nanowire is arranged in a FIG. 7 .
For quasi-1D Rashba nanowire described by Eq. loop, and interrupted underneath a weak link in the quantum wire. The supercurrent in the system is limited by the semiconducting weak link with tunneling amplitude γ, which has negligible conductance compared to the rest of the superconducting wire. We can therefore assume that the supercurrent has a negligible contribution to the superconducting phase drop around the wire. 36 Neglecting the gauge invariant supercurrent J ∝ (∂φ − A) = 0, we obtain that the superconducting phase φ = dl · A along the superconducting loop. In the circularly symmetric gauge, this leads to φ = 2 π Φ N Φ0 . Thus, the phase drop across the junction in the wire is controlled by the magnetic flux in the loop.
Following the argument in the last paragraph, the swave Rashba system in Eq. (2.8) acquires a phase in its superconducting term, under a non-zero magnetic flux through the system. The weak link causes all the MZMs to split. Change in flux, Φ, as a fraction of the quantized flux, Φ 0 , causes the MZMs to recombine at Φ = Φ 0 /2. The modified Hamiltonian of the system is written below: We analyze the p-wave system treated earlier in a similar situation. The modified Hamiltonian is written below:
with τ x having the same meaning as before. Fig. 4 shows clearly that the number of zero-energy Andreev states at Φ = Φ 0 /4, 3Φ 0 /4 is twice the topological invariant.
The above results show, while for only a few highly symmetric cases, show that the Andreev spectra also show multiple zero-energy Andreev states similar to the corresponding conductance plots. We expect that breaking the symmetries will lower the number of Andreev crossings similar to seen for zero-bias conductance peaks.
IV. DISCUSSION AND CONCLUSION
In this work, we have studied the effect of symmetry breaking field for multi-channel p-wave superconductors that have a high degree of symmetry. These symmetries allow the possibility of topological superconductivity with integer topological invariants with an integer number of Majorana modes. We find that the end conductance reflects this topological invariant as both vary with the chemical potential. Breaking the symmetries systematically by applying strain and magnetic field leads to a systematically reducing the conductance to different integer values from splitting of the Majorana modes. The split Majorana modes should show up as finite bias conductance peaks. The integer topological invariants also appears to manifest as zero-energy crossings of Andreev spectra for the highly symmetric topological superconductors. For the examples we consider, the number of zero-energy crossings of Andreev states corresponds to the topological invariant, similar to the zero-bias conductance. The crossings of the Andreev spectra in topological Josephson junctions is expected to be measurable through recent advances in Andreev spectrocopy. [37] [38] [39] The changes in these signatures of the topological invariant such as zero-bias conductance and Andreev spectroscopy can elevate the signature of Majoranas to a signature with a rich structure where the observable varies over several quantized values over a multi-dimensional phase space.
While the signatures for integer topological invariants appears to be quite robust to variations in the Hamiltonian, the numerical examples we considered so far do not include disorder. How far these predictions hold up to realistic disorder in these systems will be an interesting direction for future work. In addition, it will be interesting to see if the zero-bias conductance with normal leads translates to a robust signature for superconducting leads as with the case of non-degenerate Majorana modes. 40 Explicit computation of the detection of the Andreev states through a cavity-response experiment is also left for future work.
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